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Upwind Scheme for Solving the Euler Equations on
Unstructured Tetrahedral Meshes

Neal T. Frink*
NASA Langley Research Center, Hampton, Virginia 23665

An upwind scheme is presented for solving the three-dimensional Euler equations on unstructured tetrahedral
meshes. Spatial discretization is accomplished by a cell-centered finite-volume formulation using flux-difference
splitting. Higher-order differences are formed by a multidimensional linear reconstruction process. The solution
gradients required for the higher-order differences are computed by a novel approach that yields highly resolved
solutions in regions of smooth flow while avoiding oscillations across shocks without explicitly applying a limiter.
Solutions are advanced in time by a three-stage Runge-Kutta time-stepping scheme with convergence accelerated
to steady state by local time stepping and implicit residual smoothing. Transonic solutions are presented for
two meshes around the ONERA M6 wing and demonstrate substantial accuracy and insensitivity to mesh size.

Introduction

OLUTION algorithms for the Euler and Navier-Stokes

equations on unstructured meshes have evolved rapidly
in recent years; e.g., Refs. 1-9. Key motivations behind these
developments include the need for more geometric flexibility
in constructing quality meshes around complex configura-
tions, and a random data structure to better facilitate adapting
the mesh to the physics of the flow. Most of the unstructured
algorithms developed to date are based on either the finite
element method or central differencing with added dissipation.
Only recently has upwind differencing been investigated’—° in
two dimensions. Upwind differencing utilizes the propagation
of information within a mesh in accordance with the theory
of characteristics in constructing type-dependent differencing
for components of the information traveling in opposite di-
rections in a separate and stable manner. Although this ap-
proach is more computationally intensive than central differ-
encing, it does offer the advantages of being more robust and
requiring less user interaction.

In this paper, upwind differencing is explored in a three-
dimensional unstructured environment. A cell-centered, finite-
volume upwind scheme is formulated using flux-difference
splitting. Higher-order accuracy is achieved by a multidimen-
sional linear reconstruction process. The solution gradients
required for higher-order differencing are computed by a sim-
ple new approach that yields highly resolved solutions in re-
gions of smooth flow while avoiding oscillations across shocks
without explicitly applying a limiter. Solutions are advanced
in time by a three-stage Runge-Kutta time-stepping scheme
with convergence accelerated to steady state by local time
stepping and implicit residual smoothing.

Governing Equations

The fluid motion is governed by the time-dependent Euler
equations for an ideal gas which express the conservation of
mass, momentum, and energy for a compressible inviscid non-
conducting adiabatic fluid in the absence of external forces.
The equations are given below in integral form for a bounded
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domain Q with a boundary d{):
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The equations are nondimensionalized with a reference den-
sity p., and a speed of sound a... Here #i,, A, and 7, are the
Cartesian components of the exterior surface unit normal A
on the boundary 9€). The Cartesian velocity components are
u, v, and w in the x, y, and z directions, respectively. The
term e, is the total energy per unit volume. With the ideal-
gas assumption, the pressure and total enthalpy can be ex-
pressed as

p = (v = Dle = Lo + 12 + w)
and
hy = —T—E 1@ + v + wd)
y—1p

where vy is the ratio of specific heats and is prescribed as 1.4
for air.

Equation (1) describes a relationship where the time rate
of change of the state vector Q within the domain €} is balanced
by the net flux F across the boundary surface d€}. The domain
is divided into a finite number of tetrahedral cells, and Eq.
(1) is applied to each cell. The state variables Q are volume-
averaged values. It can be shown that the difference equations
at each cell volume are satisfied exactly when evaluated at
uniform freestream conditions.
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Spatial Discretization

Flux Splitting

Flux quantities are computed using Roe’s'’ flux-difference
splitting. The flux across each cell face k is computed using
Roe’s numerical flux formula:

F, = %[F(QL) + F(QR) - \Ai (QR - QL)]K

Here @, and @ are the state variables to the left and right of
the interface x. The matrix A is computed from evaluating

_F
=30

with Roe-averaged quantities such as

P = Vpipr

i = (u. + ur Vprlp)(1 + Vprlp,)

vo= (v, + ve Vprlp)(L + Vpglp,)

W= (w. + wg Voelp )1 + VpeloL)

ho = (ho, + hoy Vprlp)/(1 + Vprlp,)

@ =(y = Dy, — (@ + % + w?)2)
so that

F(QR) - F(QL) = A[QR - QL]

is satisfied exactly. Introducing the diagonalizing matrices T
and T-', and the diagonal matrix of eigenvalues A, then |A|
is defined as

Al = T AT
The term
|A| (Qr — Q,) = T |A! T-! AQ

in Roe’s flux formula can be reduced to three AF flux com-
ponents, each of which is associated with a distinct eigenvalue:

TIA|T-' AQ = |AF|| + |AF| + |AF

with
1
A u
ap) = 1014 (30 - 22) ;
w
w2+ v+ w2
0
Au — A AU
+p Av — AAU
Aw — A AU
uAu + vAv + wAw — UAU
1
) i Ap = paAU | & = A4
|AF, 5| = |U = 4 < b= ) V* A
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W * A,
h, + Ua
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where U = aa, + vA, + wh, and AU = AAu + AAv
+ A,Aw.

For a first-order scheme, the state of the primitive variables
at each cell face are set to the cell-centered averages on either
side of the face.

Higher-Order Scheme

Following the notions presented by Barth and Jespersen’
in two dimensions, a higher-order scheme is formulated by
reconstructing a multidimensional piecewise linear solution
of the cell-averaged data. Higher-order interpolations for es-
timating the state at each cell face are achieved by expanding
the solution with a Taylor series in the neighborhood of each
cell center (x,, Yo, 2o):

q(x, ¥, z) = q(xo, Yo, Zo) + Vg, - Ar + G(Ar?)
=~ q(Xo, Yo» Z0) T @ilo * (x = xo)
+ qy|o (Y = ye) + qzl(] “(z — zy) (2)

where

qg=p,u,v,wpl”

This formulation requires solution-gradient information at the
cell centers. The gradients are computed from an approximate
form of the exact relation:

f VgdV :§ gAdS 3)
Q a0

The three-dimensional solution gradient at the cell center is
estimated by computing the surface integral of Eq. (3) for
some closed surface 9€):

1 ﬂg .
Vg, = V,, Joo gidsS 4)

In two dimensions, Eq. (4) represents a line integral around
some closed path around the cell center.

Implementation of the numerical method proposed by Barth
and Jespersen for solving the integral of Eq. (4) was not
straightforward in three dimensions. A simpler higher-order
method has been developed and is described in the following.
The general approach is to 1) coalesce surrounding cell in-
formation to the vertices or nodes of the candidate cell, and
2) evaluate the surface integral of Eq. (4) on the faces of the
tetrahedral cell with the midpoint-trapezoidal rule. For illus-
tration purposes, the present approach is first sketched for a
two-dimensional problem as shown in Fig. 1. Estimates of the
solution are determined at each node by a weighted average
of the surrounding cell-centered solution quantities. It is as-
sumed in the nodal averaging procedure that the known values
of the solution are concentrated at the cell centers, and that
the contribution to a node from the surrounding cells is in-

Ris

Fig. 1 Cluster of two-dimensional triangular cells.
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versely proportional to the distance from each cell centroid

to the node:
N N
9. N
qn:<2—i>/<2—) (5)
i=1 F; i=1F;

where for two dimensions

0

x,) + Yo, — v

T -

ry= [xos —

and for three dimensions

SR

= [(xl),t - xrz)2 + (.Y(J.t - yn)z + (ZU.I - Z:z)z]

The subscripts # and 0,i refer to the node and surrounding
cell-centered values, respectively. Upon knowing the solution
at the nodes, the solution to Eq. (4) can be numerically eval-
uated by applying the midpoint-trapezoidal rule to the three
sides of the triangle.

Once the gradient is computed in a cell, g can be expanded
to the cell edge with a Taylor series to achieve higher-order
accuracy. Because of the relative positions and number of
times each cell has been used in the gradient computation
(numbers enclosed in parenthesis in Fig. 1), the cell-interface
values are biased toward cell A. For example, if the state is
being computed on edge 1-2 from the state and gradient at
the centroid of cell A, the interpolation will utilize information
from surrounding cells on both sides of the edge, but be
weighted in the direction of cell A. Thus, this procedure has
the general features of the three-point interpolation formulas
commonly used in upwind-biased structured schemes.!!

Upwind schemes generally require the use of limiter func-
tions to obtain smooth higher-order solutions around flow
discontinuities, which has been the experience with the schemes
of Refs. 7-9. Although the present method has yet to be
applied in two dimensions, experience with its application in
three dimensions has shown that limiting need not be applied
explicitly, and that the method correctly captures shocks with-
out oscillations. Although this unexpected result is beneficial,
it seems unlikely that a aigh-order scheme could capture dis-
continuities smoothly without some form of artificial dissi-
pation being added. It is quite possible that the application
of the averaging procedure across discontinuities could intro-
duce additional dissipation and a local reduction in accuracy
as is characteristic of limiters. This result may also be attrib-
uted in part to the use of the method in three dimensions and
therefore on relatively coarse meshes. Application of the
method in two dimensions on a sufficiently fine mesh may
require some form of limiting to eliminate oscillations. With
respect to limiting overshoots in the expansion of Eq. (2), it
can be reasoned that when the averaging procedure of Eq.
(5) is applied at a node, the resulting g, represents a weighted
mean value of the surrounding solution, i.e., g, is bounded
by the extrema of the surrounding solution. Furthermore, in
three dimensions the summation of Eq. (5) accesses an av-
erage of 20-22 cells for each node, which results in a smooth-
ing of errors introduced from the surrounding solution. Thus,
the expansion will have been smoothed and bounded by the
procedure and should not introduce new extrema into the
solution.

The accuracy of the higher-order scheme has not been for-
mally determined. It is known that the Taylor-series expan-
sion and the midpoint-trapezoidal rule are both second-order
accurate. Thus, the key to accuracy for this method lies in
the quality of the averaged solution at the nodes. The goal
in designing the averaging procedure was to construct a good
approximation of the state at the nodes. No attempt was made
to preserve the average. Several procedures were investigated
with known test functions, both linear and nonlinear, on an
arbitrary tetrahedral grid. Among the alternate procedures
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were those based on cell volumes, and on the inverse distances
from cell center to node raised to a power. Error was assessed
by an rms average of the local errors relative to the exact
solution. Volume averaging yielded the poorest result, while
averaging based on the inverse distance raised to the first
power [Eq. (5)] worked best. An application of this averag-
ing procedure to a linear function on an irregular mesh does
not reconstruct the function exactly, but produces a good
approximation.

Time Integration
A semidiscrete form of the governing equations reads

a0,
V,-%vLR,-:O» i=1,2,3 ... (6)

where

Ri = E FI‘/ASi./

F=x(D)

R, is the residual accrued by summation of the fluxes through
the four faces « of a tetrahedral cell i. These equations are
integrated in time using a fully explicit m-stage Runge-Kutta
time-stepping scheme developed by Jameson et al.!2:

0" = ¢
Ar
0" = 0 o R
™)
0 = Q0w TR
i
At
Q:m) — QEU) - a, -—‘R,(‘m 1
Vi
an +1 — QEm)

where the superscript n denotes the time level, and the par-
enthetical superscripts the stage of the Runge-Kutta time step-
ping. The coefficients «, to «,, are defined as

1
= — =1,...,
Tkt I k ’ "

These values of «, will give m-order accuracy in time for a
linear equation. For steady-state calculations, it is not nec-
essary to employ the time-accurate Runge-Kutta coefficients.
Coefficients that optimize speed of convergence could be used,
but were not for the present results. Preliminary calculations
were made using both a three-stage and four-stage scheme.
The solution and convergence characteristics were essentially
identical. Thus, a three-stage scheme was used for the cal-
culations presented in this paper.

Local Time Stepping

Local time stepping accelerates convergence to steady state
by advancing the solution at each cell in time at a Courant-
Friedricks-Leury (CFL) number near the local stability limit.
The expression for the local time step was derived with the
aid of a two-dimensional stability anaysis presented in Ref. 9:

v,
Al sy ——F——
VA B+ C ®

with

A= (luf + a)sp
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B, = (v + a)s®”

i

i

= (w] + a)se

where v is the CFL number, V, is the cell volume, ¢, is the
local speed of sound, and S, S, and §*) are the projected
areas of cell i in the x, y. and z directions. respectively. The
local time steps are determined at the beginning of a run,
either at the initialization or before a restart.

Implicit Residual Smoothing

The maximum time step can be further increased by in-
creasing the support of the scheme through implicit averaging
of the residuals!® with their neighbors. The residuals are fil-
tered through a smoothing operator (which is essentially the
Laplacian operator for a uniform grid):

I?, =R, + sVzl?,

where
VR = > (R - R)

= rd)

The summation uses residuals from the neighboring cells that
share the faces « with cell i. The resulting set of equations
can easily be solved by using Jacobi iteration

R = (R, +e D 1?,0"”)/(1 +e > 1) (9)
j=x (i) j= (i)

A value for ¢ of about 0.5 is suggested in Ref. 14 to maintain
a strongly diagonally dominant coefficient matrix. In practice,
two Jacobi iterations are adequate to give a good approxi-
mation of R, at all cell centers. Residual smoothing was per-
formed during every stage of the Runge-Kutta time cycle and
allowed a doubling of the time step.

Boundary Conditions

For the solid boundaries such as the wing and centerplane,
the flow trangency condition is imposed by setting the veloc-
ities on the boundary faces to their cell-center values and then
subtracting the component normal to the solid surface. Den-
sity and pressure boundary conditions are simply set to the
cell-centered value. A condition of zero mass and energy flux
through the surface is ensured by setting the left and right
states of solid boundary faces equal to the boundary condi-
tions prior to computing the fluxes with Roe’s approximate
Riemann solver. This technique only permits a flux of the
pressure terms of the momentum equations through a solid
boundary.

Characteristic boundary conditions are applied to the outer
far-field subsonic boundary using the fixed and extrapolated
Riemann invariants corresponding to the incoming and out-
going waves. The incoming Riemann invariant is determined
from the freestream flow and the outgoing invariant is ex-
trapolated from the interior domain. The invariants are used
to determine the locally normal velocity component and speed
of sound. At an outflow boundary, the two tangential velocity
components and the entropy are extrapolated from the in-
terior, while at an inflow boundary they are specified as having
far-field values. These five quantities provide a complete def-
inition of the flow in the far field.

Results

Solutions were computed for the ONERA M6 wing on two
tetrahedral meshes at transonic conditions: M. = 0.84, and
a = 3.06 deg. The wing has a leading-edge sweep of 30 deg.
an aspect ratio of 3.8, a taper ratio of 0.56, and symmetrical
airfoil sections. The two meshes, shown in Figs. 2 and 3, were
generated by the advancing front technique.'® The wing has
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Fig. 2 Upper surface mesh for ONERA M6 wing: a) mesh 1; and
b) mesh 2.

a root chord of 0.67 and a semispan b of 1.0 with a rounded
tip. The computational domain is bounded by a rectangular
box with boundaries at ~6.5=x < 11.0,00=y =< 2.5 and
—6.5 = z < 6.5. Mesh size specifications are listed in
Table 1.

The computations were performed using the three-stage
Runge-Kutta time-stepping scheme with local time stepping
and implicit residual smoothing. All time steps were advanced
with a CI'L number of 4.0. The convergence history of the
L,-norm (rms average of all residuals) is shown in Fig. 4 where
both runs show a decrease of approximately 2.5 orders of
magnitude. The solutions were started from freestream initial
conditions with the first-order scheme and run until the L,-
norm decreased by at least one order of magnitude. The first-
order solution was then used as an initial conditions for the
higher-order computations. The solution for mesh 1 was ad-
vanced 300 time steps with the first-order scheme and 1420
steps with the higher-order scheme. Similarly, mesh 2 was
advanced 460 steps first-order and 1730 steps higher-order.
The reason for the spikes observed in the residual plot of Fig.
4b is not clear. They may be related to local disturbances
induced by the shock waves moving through the irregular
mesh as the solution converges to steady state. An additional
1000 iterations were computed on mesh 2 to verify that no
further spiking occurred.

Before plotting the results in this paper, the computed face-
centered boundary quantities were averaged to the boundary
nodes using Eq. (5). This step was necessary in order to utilize
existing contouring software. (It is also the same step used in
the gradient computation.) Since there are approximately one-
half the number of boundary nodes as boundary faces (sce
Table 1), some of the available spatial resolution is absent
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Fig. 3 Mesh at symmetry plane for ONERA M6 wing: a) mesh 1 (near-field); b) mesh 2 (near-field); ¢) mesh 1 (far-field); and d) mesh 2 (far-

field).
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Fig. 4 Convergence history of ONERA M6 wing: a) mesh 1; and
b) mesh 2 (M. = 0.84, a = 3.06 deg).

from the plotted results. However, the force and moment
coefficients listed in Table 2 were computed by integrating
the face-centered boundary pressures, and thus reflect the full
spatial resolution of the solution. The coefficients for lift,
drag, pitching moment, and wing root bending moment are
based on reference quantities of S, = 0.5255, ¢ = 0.67, and
b,.; = 1.0. The pitching moment is referenced about the wing
apex.

A comparison of wing surface pressure contours for the
two meshes is presented in Fig. 5 with contour intervals of
A(p/p..) = 0.02. The results show very little sensitivity to mesh
size. The primary differences occur with the resolution of the
aft shock in the midchord region where the larger cells (see

Table 1 Mesh size specifications

Mesh 1 Mesh 2
Total cells 108,755 231,507
Global boundary faces 9,858 16,984
Faces on wing surface 8,807 15,279
Total nodes 20,412 42,410
Global boundary nodes 4,931 8,494
Nodes on wing surface 4,434 7.680
Table 2 Force and moment coefficients

Mesh 1 Mesh 2

C, 0.2904 0.2911

Cp 0.0132 0.0123

C,, -0.1724 —0.1726

Crem 0.1283 0.1285

Fig. 2) limit the spatial resolution. A solution-adapted mesh
could enhance the solution quality in vicinity of the shock.!®

Pressure contours at the plane of symmetry are presented
in Fig. 6 and again exhibit very little sensitivity to mesh size.
The shock has been captured but is smeared due to the coarse-
ness of the mesh (see Fig. 3).

Figure 7 shows the effect of mesh size on the streamwise
surface C, distribution at six span stations. Both the present
unstructured results and structured Euler solutions from Ref.
17 are plotted in comparison to experimental data at a Rey-
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nolds number of 11.7 x 10° (Ref. 18), corresponding to con-
ditions for which viscous effects are relatively small. The com-
putations on both tetrahedral meshes 1 and 2 agree well with
experiment and demonstrate comparable accuracy with the
structured-grid calculations. The primary effect of mesh size
is confined to regions of large changes in gradient such as the
leading-edge suction peak and the shock, where the finer mesh
2 yields slightly better spatial resolution.

Fig. 5 Upper surface pressure contours for ONERA M6 wing:
a) mesh 1; and b) mesh 2 (M.. = 0.84, « = 3.06 deg, A(p/p..) = 0.02).

b)

Fig. 6 Pressure contours at symmetry plane for ONERA M6 wing:
a) mesh 1; and b) mesh 2 (M., = 0.84, @ = 3.06 deg, A(p/p.) = 0.02).
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The chordwise entropy distributions presented in Fig. § are
defined by the following relation:

yplp® — 1

©®  Experiment

oe EXPERI
Mesh 1 (108755 cells) MENT

— 97X17X17 C-Q MESH ( 24576 cells)
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Fig.7 Comparison of experimental data with unstructured and struc-
tured inviscid solutions: a) unstructured; and b) structured (Ref. 17)
(ONERA M6 wing, M, = 0.84, a = 3.06 deg).
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Fig.8 Effect of mesh size on chordwise entropy distribution for ONERA
M6 wing (M.. = 0.84, « = 3.06 deg).

For these supercritical inviscid solutions, the flow should be
isentropic ahead of the shocks with zero entropy production.
Entropy should only be produced through the shock waves
and convected downstream thereafter. Any generation of en-
tropy apart from shocks or even an unphysical reduction of
entropy can be only interpreted as numerical error. Figure 8
shows the presence of erroneous entropy peaks at the leading
edge approaching a level of 0.06 for the coarser mesh 1.
Refinement of the mesh (mesh 2) results in a reduction in
these entropy peaks to a level of approximately 0.02. The
finer mesh 2 also produces a further decrease of the entropy
convected downstream of the erroneous peaks. Further re-
ductions in the peaks may be possible by additional mesh
refinement or by applying alternate boundary conditions that
maintain a zero gradient of entropy normal to the solid sur-
face.! The entropy rise through the shocks generally over-
shoots but settles to a constant value.

The solutions were computed on a single processor of the
NASA Langley Research Center Voyager CRAY-2S. All
coding within the flow-solver portion of the code vectorizes
with the standard Fortran compiler. The computations were
performed with three stages of the Runge-Kutta scheme and
two Jacobi iterations for the implicit residual smoothing. Mesh
1 required approximately 3 h and mesh 2 required 8 h of
CRAY-2S time. The dimensioned memory requirements are
shown in Table 3 and the computation times per cycle in
Table 4.

For comparison, structured Euler codes generally require
40-50 words of memory per cell and 25-35 us of CRAY-2S
time per cell for higher-order solutions.

To avoid possible confusion, it should be noted that a three-
dimensional structured mesh of hexahedral elements contains
the same number of nodes as cells (asymptotically), whereas
an unstructured mesh of tetrahedral elements generally con-
tains between five and six times more cells than nodes. The
results shown in Fig. 7 demonstrate that comparable accuracy
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Table 3 Dimensional memory requirements

Mesh 1 Mesh 2
Total 7,959,706 16,817,182
Per cell 73 73
Per node 390 397

Table 4 Computational time per cycle

Per cell, us Per node, us
First order 18 97
Higher order 65 350

can be achieved between structured and cell-centered unstruc-
tured codes where the number of cells are of the same order.
Thus, it is important to make comparisons based on the num-
ber of unknowns computed, i.e., the number of cells for a
cell-centered scheme.

Concluding Remarks

An upwind scheme for solving the three-dimensional Euler
equations on unstructured tetrahedral meshes has been pre-
sented. The algorithm consists of a time-explicit cell-centered
finite-volume formulation using flux-difference splitting.
Higher-order accuracy was achieved by a multidimensional
linear reconstruction process. A simple method was proposed
for computing gradients that permitted smooth higher-order
solutions to be obtained around shocks without explicitly ap-
plying a limiter. Transonic solutions are computed for two
meshes around an ONERA M6 wing with a CFL number of
4 using a three-stage Runge-Kutta time-stepping scheme, lo-
cal time stepping, and implicit residual smoothing. Results
showed good quantitative agreement with experimental data
and demonstrated comparable accuracy with referenced struc-
tured-grid upwind solutions. Contours of surface pressure
showed very little sensitivity to mesh size. Some mesh sen-
sitivity was observed in the surface entropy distributions.
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